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This paper presents a novel approach to include drilling rotations in the classical two-dimensional
boundary element method. The approach is based on a simple partition of unity strategy that gives rise
to a ﬁctitious rotational degree of freedom (using the well known Allman’s triangle strategy). A functional
based on the rotational residual ties the average ﬁctitious drilling rotation ﬁeld to the true rotation ﬁeld
induced from the two-dimensional elasticity problem and additionally provides the required extra equa-
tion for the enriched BEM formulation. The approach maintains the boundary only character of BEM and
the partition of unity enrichment makes it general (totally kernel independent) and efﬁcient (just certain
areas of the boundary could be enriched). The accuracy of the proposed method is assessed with well
known benchmark problems (e.g. Cook’s membrane).
 2012 Elsevier Ltd. All rights reserved.1. Introduction
When modelling general/complex thin walled structures (plate
and shell assemblies), compatibility and equilibrium needs to be
fully satisﬁed at junctions (see Fig. 1). Unfortunately, contrary to
classical two or three dimensional problems, when assembling
plate/shell segments as those shown in Fig. 1, a difﬁcultly will arise
on the assignment of the stiffness in the out-of-plane rotation of
each plate/shell. This is because classical plate bending formula-
tions do not include the equations associated with this rotational
degree of freedom (dof), also known as the ‘drilling rotation’. As
shown in Fig. 2(b), the out of plane rotational dof or drilling rota-
tion is actually associated with the classical dof in two dimensional
elasticity (u1 and u2) instead of the plate/shell bending dof (u3;R1
and R2) shown in Fig. 2(a).
The importance of drilling rotations for reliable simulations of
typical engineering plate/shell problems is continuously high-
lighted. For example, Park and Oh (2004) proposed shell elements
with 6 dof that exhibits twice faster convergence rate than previ-
ous shell elements in spring back simulations. Similarly, Long
et al. (2009) showed that optimal topologies computed with dril-
ling dof based on sound mathematical theories are insensitive to
penalty parameters, while elements with an ad hoc treatment are
far more sensitive (highly undesirable in common engineering
practice).ll rights reserved.
z@gmail.com (P.M. Baiz).Within the Finite Element Method (FEM), this has been a topic
of intensive research for the past few decades, see for example
Zienkiewicz et al. (2000). The reason for this is that drilling
rotations in FEM were introduced for two reasons:
 As a way to improve element performance without the need to
use higher order approximations. Elements with drilling rota-
tions were commonly seen as an intermediate step between lin-
ear and quadratic elements, e.g. a standard linear quadrilateral
element has a total of 8 dof and the quadratic (serendipity)
counterpart has 16 dof while the four node quadrilateral with
drilling rotations will have 12 dof.
 To address the compatibility issue with out-of-plane rotations
at intersections of 3D plate or shell assemblies. Also to simplify
modelling of connections between plates/shells and beams (for-
mulations with 6 dof per node).
The most common approaches in FEM employ various special
devices to develop successful elements. The ﬁrst successful tech-
nique was proposed by Allman et al. (1984), who introduced a qua-
dratic displacement approximation in the normal direction to
supplement drilling dof to nodes of a triangular element (com-
monly referred as Allman’s triangle). Recent works that include All-
man’s triangle principles are those of Felippa (2003), who
compared derivation methods for constructing optimal (in the
sense of exact in plane pure-bending response) membrane trian-
gles with corner drilling dof. Wisniewski and Turska (2006) derived
a new form of Allman shape functions, which are valid for ﬁnite
drilling rotations and avoid the use of a co-rotational frame. Very
Fig. 1. Typical thin walled plate/shell assembly.
Fig. 2. Degrees of freedom in two dimensions (a) and plate bending (b).
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with an additional constraint which ensures that the drilling de-
gree of freedom is a true rotation in elasticity and simultaneously
has no spurious energy mode while Zhang and Kuang (2008) pre-
sented an eight-node membrane element with drilling rotations.
Other works in FEM include more rigorous mathematical devel-
opments based on variational principles employing independent
rotation ﬁelds (Hughes and F.Brezzi, 1989). A similar potential to
the one of Hughes and F.Brezzi (1989) was recently introduced
by Kugler et al. (2010) following a physically based derivation in-
stead of the purely mathematical investigation of Reissner’s poten-
tial (Reissner and E., 1965). Solid-of-revolution axisymmetric ﬁnite
elements, were recently introduced by Long et al. (2009) showing
enhance modelling capability, including super convergence in
cases with a regular mesh. Quasi conforming formulations using
interrelated displacement rotation interpolations were presented
by Kim and Voyiadjis (2003).
Drilling rotations in other numerical techniques were also
introduced in the past few years. Jiang and Wu (2002) presenteda Least-Squares FEM with drilling rotations that yields an optimal
rate of convergence for all variables with equal-order interpola-
tions. Choi et al. (2006) developed a new element using the hybrid
Trefftz method based on the total potential energy principle and
adopting Allman’s quadratic displacement ﬁeld as a boundary dis-
placement ﬁeld. Bui and Rondal (2008) added drilling rotations in
the semi-analytical ﬁnite strip method through the introduction of
a ﬁctitious in-plane shear strain in the standard deformation dis-
placement relation of the Mindlin–Reissner plate theory. Unfortu-
nately, drilling rotations were ignored in the BEM community. The
current approach (Baiz and Aliabadi, 2009) relies on the assump-
tion that the plate ﬂexural rigidity in its own plane is so large that
it is possible to ignore its associated deformation, in other words,
there is no drilling rotation. This could be a reasonable approxima-
tion for wide plates, but not for narrow ones that behave like
beams.
Very recently, Tian et al. (2007) found that Allman’s formulation
takes a typical form of partition of unity (PU) (Babuska et al., 1994;
Babuska and Melenk, 1997) approximation that offers merits and
convenience in formulation and practical applications. The parti-
tion of unity notion also enables a straightforward and general for-
mulation that makes possible to extend Allman’s rotational dof to
meshfree approximations. Basic ideas and mathematical founda-
tion of PUFEM (Partition of unity in FEM) was introduced by
Babuska and Melenk (1997). The eXtended FEM (XFEM)
(Belytschko and Black, 1999), a technique also based on PU, is a
good example of the potential of PU principles. A recent overview
of the extended/generalised FEM and its applications was recently
presented by Fries and Belytschko (2010).
Applications of partition of unity in BEM (also known as
PUBEM) started within Trevelyan’s group in 2002 with the work
of Perrey-Debain et al. (2002) on short wave problems by BEM.
As mentioned in their work, it is natural to ask whether special
ﬁnite element shape functions which come under the generic
group of PUFEM can be applied to BEM. A different type of devel-
opment combining BEM and PUM includes the work of Nicolazzi
et al. (2005) who used Moving Least Square approximations to
build a Partition of Unity on the boundary and then used to con-
struct, at low cost, trial and test functions for Galerkin approxima-
tions, the approximation was later applied to Galerkin boundary
element formulations. Other recent works on PUBEM include those
of Trevelyan and Coates (2010) for a variant of wave boundary
elements (PUBEM elements) in which the plane wave basis is
selected adaptively according to an error indicator; Honnor et al.
(2010) with an adapted numerical steepest descent method to
evaluate integrals for two-dimensional PUBEM Helmholtz prob-
lems; and Simpson and Trevelyan (2011) for an enriched Dual
BEM formulation for accurate evaluation of stress intensity factors
in crack problems. In all reported cases, PUBEM has shown to be a
powerful new method for a variety of engineering problems.
This paper aims to introduce for the ﬁrst time a BEM formula-
tion that includes drilling rotations in the classical BEM two
dimensional elasticity formulation. The approach is based on a
simple partition of unity strategy that gives rise to a ﬁctitious rota-
tional dof (quadratic displacement approximation to supplement
drilling rotations as proposed by Allman et al. (1984)). The paper
is structured as follows, ﬁrst classical elasticity and BEM are re-
viewed, including the use of various classical boundary elements
(continuous, discontinuous and semi-discontinuous). The recent
Tian et al. (2007) PUM formulation is revisited, but now consider-
ing boundary elements. Physical meaning of drilling rotations and
the recent work of Huang et al. (2010) is reviewed in order to ob-
tain a formulation with drilling dof as deﬁned from classical elas-
ticity theory. Later, the new BEM formulation with drilling
rotations is introduced, including the additional functional based
on the rotational residual. Next, treatments of boundary integrals
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several well known benchmark examples are used to show the
accuracy and efﬁciency of the new formulation.
2. Two-dimensional classical elasticity and BEM formulation
In this section, the fundamentals of classical two dimensional
elasticity and the corresponding BEM formulation will be re-
viewed. For full derivation, readers are referred to standard text
books in the topic (see for example Aliabadi et al., 2002).
Consider an isotropic linear elastic two dimensional solid with
Young’s modulus E and Poisson ratio v. In-plane displacements
are represented as ui, while tractions are denoted as ti.
2.1. Equilibrium
Equilibrium equations for two dimensional elasticity under the
action of body forces bi are given by,
rij;j þ bi ¼ 0 ð1Þ2.2. Strain–displacement relationships (kinematics)
The state of strain from linear theory is,
eij ¼ 12 ðui;j þ uj;iÞ ð2Þ2.3. Stress–strain relationship (constitutive)
Finally, the stress–strain relationship as deﬁned by Hooke’s law
is,
rij ¼ kedijekk þ 2leij ð3Þ
where ke(¼ 2ml=ð1 2mÞ) and l (¼ E=2ð1þ mÞ) are the usual Lame
parameters and dij is the Kronecker delta.
2.4. Boundary displacement equation
By taking the body force equal to zero, and the source point to
the boundary, the displacement boundary integral equation could
be written as Aliabadi et al. (2002):
Cijðx0Þujðx0Þ þ
S
 Tijðx0; xÞujðxÞdS ¼
Z
S
Uijðx0;xÞtjðxÞdS ð4Þ
where denotes a Cauchy principal-value integral and for a smooth
boundary in a two dimensional system, Cij ¼ dij=2. Uijðx0;xÞ and
Tijðx0;xÞ are displacement and traction fundamental solutions for
two dimensional elasticity and can be found in Aliabadi et al.
(2002).Fig. 3. Continuous element (a), discontinuous element (b), semi-discontinuous
element (right cont.) (c) and semi-discontinuous element (left cont.) (d).3. Isoparametric elements (classical shape functions)
In a two dimensional isoparametric formulation, the same
interpolation is used to approximate boundary parameter x (or
xi), the unknown displacement ﬁelds uiðxÞ and traction ﬁeld tiðxÞ,
as follow,
xi ¼
Xm
b¼1
NbðnÞxbi
ui ¼
Xm
b¼1
NbðnÞubi
ti ¼
Xm
b¼1
NbðnÞtbi
ð5Þwhere Nb are called shape functions, and have the degree of m 1,
which is a form of Partition of Unity (PU) approximation. PU
(Babuska et al., 1994; Babuska and Melenk, 1997) is essentially a
set of functions that sum to unity at an arbitrary point of the
domain, such as the shape functions commonly used in FEM and
meshfree methods.
Four types of linear elements are considered in this work,
N1 ¼ 12 ð1 nÞ N2 ¼
1
2
ð1þ nÞ ð6Þ
for continuous element, Fig. 3(a).
N1 ¼ 34 ð2=3 nÞ N2 ¼
3
4
ð2=3þ nÞ ð7Þ
for discontinuous element, Fig. 3(b).
N1 ¼ 35 ð1 nÞ N2 ¼
3
5
ð2=3þ nÞ ð8Þ
for semi-discontinuous element (right cont.), Fig. 3(c).
N1 ¼ 35 ð2=3 nÞ N2 ¼
3
5
ð1þ nÞ ð9Þ
for semi-discontinuous element (left cont.), Fig. 3(d).
4. Enriched shape functions
4.1. New shape functions with rotational degree of freedom
As shown by Allman et al. (1984), it is possible to write the nor-
mal and tangential components of displacement (un and ut) along a
typical linear boundary element as,
un ¼ a1 þ a2nþ a3n2 ð10Þ
ut ¼ a4 þ a5n ð11Þ
where n is measured from the middle of the element with boundary
[1 1], see Fig. 3. Five coefﬁcients are to be evaluated in terms of the
connectors at both ends. However, there are six connectors, the
problem is mathematically over determined, but we can adopt the
strategy in Allman et al. (1984). Four boundary conditions are used
to deﬁne end-displacements.
unjn¼1 ¼ u1n; ut jn¼1 ¼ u1t ; unjn¼1 ¼ u2n; ut jn¼1 ¼ u2n ð12Þ
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of the derivatives of the end normal displacements:
@un
@n
jn¼1 
@un
@n
jn¼1 ¼ w1 w2 ð13Þ
Clearly, w1 and w2 are not the true rotations in the context of
plane elasticity analysis, but they are closely related to the true
rotations at the end of the element. Following this approximation
leads to the well known ‘Allman’s triangle’ which rotational dof
have been employed by many researchers to design triangular,
quadrilateral and other advanced solid elements.
Using the boundary conditions (12–13), it is possible to write
the displacement ﬁeld in terms of connectors,
un
ut
 
¼
1
2 n2 0  14þ n
2
4
0 12 n2 0
" # u1n
u1t
w1
2
64
3
75
þ
1
2 þ n2 0 14  n
2
4
0 12þ n2 0
" # u2n
u2t
w2
2
64
3
75 ð14Þ4.2. Transformation and ﬁnal shape function
The above equation represents the displacement ﬁeld in local
coordinates and needs to be transformed to global coordinates.
Considering the boundary elements shown in Fig. 3, the transfor-
mation can be made in the following manner (Aliabadi et al., 2002),
u1
u2
w
2
64
3
75 ¼
n1 n2 0
n2 n1 0
0 0 1
2
64
3
75
un
ut
w
2
64
3
75 ð15Þ
where nj are the normal components typically used in BEM (Aliabadi
et al., 2002):
n1ðnÞ ¼ 1JðnÞ
@x2ðnÞ
@n
; n2ðnÞ ¼  1JðnÞ
@x1ðnÞ
@n
ð16Þ
and JðnÞ is the Jacobian of transformation:
JðnÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dx1
dn
 2
þ dx2
dn
 2s
ð17Þ
By the above transformation (15), Eq. (14) can be written as
u10
u20
 
¼
1
2 n2 0 n1 n
2
4  14
 
0 12 n2 n2 n
2
4  14
 
2
64
3
75
u11
u12
w1
2
64
3
75
þ
1
2þ n2 0 n1 n
2
4  14
 
0 12þ n2 n2 n
2
4  14
 
2
64
3
75
u21
u22
w2
2
64
3
75 ð18Þ
The superscript on variables (e.g. ub) denote the node number
while the subscript denote the direction (e.g. ui). The ‘0’ subscript
on the direction helps to distinguish from the standard theory of
elasticity displacement, deﬁned in Section 2 (ui), and the new en-
riched displacement ﬁeld (ui0 ).
Eq. (18) can be further simpliﬁed into
u10
u20
 
¼ N1ðnÞ 1 0 n^1ðnÞðn1Þ
0 1 n^1ðnÞðn2Þ
" # u11
u12
w1
2
64
3
75
þ N2ðnÞ 1 0 n^2ðnÞðn1Þ
0 1 n^2ðnÞðn2Þ
" # u21
u22
w2
2
64
3
75 ð19Þwhere shape functions NbðnÞ were deﬁned in Eqs. (6)–(9). The new
shape function n^i is given by,
n^i ¼
n ni
2
; for nodes i ¼ 1;2 ð20Þ
where ni is deﬁned as the collocation point, where [n1; n2] for ele-
ment: (a) is [1;1]; (b) is [2=3;2=3]; (c) is [2=3;1] and (d) is
[1;2=3]. Refer to Section 3 for a detailed description of elements
(a)-(d), see also Fig. 3.
This new shape function (20), allows to write Eq. (19) in a gen-
eral form which is applicable to all element types introduced pre-
viously (6–9), as follows,
ue10
ue20
" #
¼
X2
b¼1
NbðnÞ
1 0 kn^bðnÞðn1Þ
0 1 kn^bðnÞðn2Þ
" # ub1
ub2
wb
2
64
3
75 ð21Þ
where the additional term k is an arbitrary non-zero value that was
introduced by Tian et al. (2007) in order to obtain a ﬂexible
formulation. Changing k has no inﬂuence on the numerical results
of the classical two dimensional approximation but it affects the
rotational degree of freedom (i.e. it could help to constrain the
rotational dofs directly to the physical counterpart). The expression
in Eq. (21) takes the form of a partition of unity approximation, as
recently proposed in Tian et al. (2007) and as pointed by Tian and
Yagawa, this theoretically explains why these rotation formulae
can be easily extended to meshfree method and, as shown in this
work, to boundary element methods.
5. Physical meaning of drilling degree of freedom
As mentioned in the introduction of this manuscript, drilling
rotations in FEM were introduced as a way to improve the element
performance or as the true rotational degree of freedom (necessary
in beam and plate/shell bending). A recent paper by Huang et al.
(2010) shows how to achieve both goals by developing an effective
planar Allman’s triangular element with a true rotational ﬁeld (in
the sense of classical elasticity). As mentioned in their paper, if
the goal is to improve the accuracy of computation there is no
problem in using any type of drilling element; but if the purpose
is to also model plate/beam intersections (obtain true drilling rota-
tions), some additional constraints are necessary.
5.1. Analysis to original Allman’s element
Although Allman’s triangle was the ﬁrst successful attempt to
develop ﬁnite elements with drilling degrees of freedom, the ele-
ment has two main disadvantages: a spurious zero energy mode
and the drilling degree of freedom has no exact physical meaning.
The ﬁrst point will be further discussed in later sections, while the
second limitation can be reviewed by introducing the assumed dis-
placement Eq. (21), in the rotational ﬁeld based on the deﬁnition of
classical elasticity theory.Fig. 4. Global and local derivatives.
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strain tensor):
w ¼ 1
2
u2;1  u1;2ð Þ ð22Þ
This rotational ﬁeld can be also expressed in terms of a local
(normal and tangential) coordinate system (see Fig. 4). If partial
derivatives of a function are continuous, then the dot product of
the gradient by a unit vector in the desired direction gives the
directional derivatives (normal and tangential directions), as
follows:
@
@x^1
¼ n1 @
@x1
þ n2 @
@x2
;
@
@x^2
¼ n2 @
@x1
þ n1 @
@x2
ð23Þ
Conversely, global derivatives can also be expressed in terms of
boundary components,
@
@x1
¼ n1 @
@x^1
 n2 @
@x^2
;
@
@x2
¼ n2 @
@x^1
þ n1 @
@x^2
ð24Þ
Therefore the skew part of the strain tensor (22) could be ﬁnally
expressed as:
w ¼ 1
2
@u20
@x1
 @u10
@x2
 
¼ 1
2
n1
@u20
@x^1
 n2 @u20
@x^2
 n2 @u10
@x^1
þ n1 @u10
@x^2
  
ð25Þ
The next step consist on introducing the PU approximation ﬁeld
described by Eq. (21) in Eq. (25), which gives the discretise rota-
tional ﬁeld,
wh ¼ 1
2
n1
@
@x^1
Nbu
b
2 þ Nbkn^bðn2Þwb
 	
n2 @
@x^2
Nbu
b
2 þ Nbkn^bðn2Þwb
 
n2 @
@x^1
Nbu
b
1 þ Nbkn^bðn1Þwb
 
n1 @
@x^2
Nbu
b
1 þ Nbkn^bðn1Þwb
 

Taking into account that normals are constant for the present
linear elements, it is possible to rearrange the previous expression
as follows,
wh ¼ 1
2
@
@x^1
n1Nbu
b
2  n2Nbub1
  @
@x^2
n2Nbu
b
2 þ n1Nbub1
 	
þ @
@x^1
Nbkn^bðn1n2Þwb þ Nbkn^bðn1n2Þwb
 
þ @
@x^2
Nbkn^bðn22Þwb þ Nbkn^bðn21Þwb
 

It is clear that the previous expression leads to,
wh ¼ welem þ
k
2
N1
@n^1
@x^2
þ n^1
@N1
@x^2
 !
w1
þ k
2
N2
@n^2
@x^2
þ n^2
@N2
@x^2
 !
w2 ð26Þ
where welem is the rotation of the constant strain element, which is
based on the standard two dimensional displacements. In local
coordinates this is given by Huang et al. (2010),
welem ¼
1
2
@ut
@x^1
 @un
@x^2
 
ð27ÞExpression (26) can be expressed as follows,
wh ¼ welem þ
k
2
N1ðnÞ dndx^2
dn^1ðnÞ
dn
þ n^1ðnÞ
dn
dx^2
dN1ðnÞ
dn
 !
w1
þ k
2
N2ðnÞ dndx^2
dn^2ðnÞ
dn
þ n^2ðnÞ
dn
dx^2
dN2ðnÞ
dn
 !
w2 ð28Þ
The local coordinate x^2 is related to the local intrinsic coordi-
nate n via Aliabadi et al. (2002),
dn
dx^2
¼ 1
JðnÞ ð29Þ
Expression (28) shows that when introducing Eq. (21) in (25),
derivatives of shape functions in terms of the normal coordinate
(x^1) vanish for terms that multiply wa, reinforcing the assumptions
taken by Allman in his seminal work (drilling rotations are primar-
ily related to the tangential derivative of the normal displacement).
Considering the speciﬁc case of rotations at the nodes (evaluat-
ing shape functions and derivative of shape functions at nodes), Eq.
(28) will reduce to:
wa ¼ welem þ
k
4JðnÞ 2w
a w1 w2  ð30Þ
A very similar expression to Eq. (30) was recently presented by
Huang et al. (2010). It can be seen from expression (30) that the
drilling degrees of freedom (w1 and w2) are only generalised
parameters and not exactly the drilling rotations as deﬁned from
classical elasticity.
5.2. Improvement of Allman’s element
As mentioned in the previous section, the additional term k can
be used to obtain a more ﬂexible formulation. In other words
assigning the value of 1=2 or 1 to this parameter will not affect
the solution of the displacement ﬁeld, but the solution for wa (dril-
ling dof) will change (Huang et al., 2010; Tian et al., 2007). There-
fore, the goal is to ﬁnd a suitable value of k for which the drilling
dof (wa) equals the true nodal rotation wa.
After examination of Eq. (30), it is possible to see that wa will
become the true rotation (wa ¼ wa) as long as k ¼ 2JðnÞ and at
the same time the rotation of the constant strain element equals
the following mean value,
welem ¼
w1 þw2
2
ð31Þ
Combining Eqs. (27) and (31) leads to,
1
2
@ut
@x^1
 @un
@x^2
 
w
1 þw2
2
¼ 0 ð32Þ
Eq. (32) could be used as an additional constraint equation that
will not only provide a well posed problem (same number of equa-
tions and unknowns) but that also will ensure that the rotational
degrees of freedom converge to the true rotational ﬁeld.
6. BEM formulation with drilling rotation
Dividing the boundary S into Ne elements, Eq. (4) could be writ-
ten as,
Cijðx0Þujðx0Þ þ
XNe
m¼1
Z
Sm
Tijðx0;xÞuj0 ðxÞdS
¼
XNe
m¼1
Z
Sm
Uijðx0;xÞtjðxÞdS ð33Þ
or in matrix form
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C21ðx0Þ C22ðx0Þ
 
u1ðx0Þ
u2ðx0Þ
 
þ
XNe
m¼1
Z
Sm
T11ðx0; xÞ T12ðx0;xÞ
T21ðx0; xÞ T22ðx0;xÞ
 
u10 ðxÞ
u20 ðxÞ
 
dS
¼
XNe
m¼1
Z
Sm
U11ðx0;xÞ U12ðx0;xÞ
U21ðx0;xÞ U22ðx0;xÞ
 
t1ðxÞ
t2ðxÞ
 
dS ð34Þ
Introducing Eqs. (5) and (21) in Eq. (34) gives
C11ðx0Þ C12ðx0Þ
C21ðx0Þ C22ðx0Þ
 
u1ðx0Þ
u2ðx0Þ
 
þ
XNenre
m¼1
Z
Sm
T11ðx0; xÞ T12ðx0; xÞ
T21ðx0; xÞ T22ðx0; xÞ
 

X2
b¼1
Nb
1 0 kn^bðnm1Þ
0 1 kn^bðnm2Þ
" # umb1
umb2
wmb
2
64
3
75
8><
>:
9>=
>;dS
þ
XNstde
m¼1
Z
Sm
T11ðx0; xÞ T12ðx0;xÞ
T21ðx0; xÞ T22ðx0;xÞ
  X2
b¼1
Nb
1 0
0 1
 
umb1
umb2
" #( )
dS
¼
XNe
m¼1
Z
Sm
U11ðx0;xÞ U12ðx0;xÞ
U21ðx0;xÞ U22ðx0;xÞ
  X2
b¼1
Nb
1 0
0 1
 
tmb1
tmb2
" #( )
dS
ð35Þ
where displacements umba represent the standard two dimensional
displacement ﬁeld, Nenre are the elements enriched by the new for-
mulation, and Nstde are the elements using the classical formulation
(without the drilling rotation), i.e. Ne ¼ Nenre þ Nstde .
In order to obtain the boundary displacements due to external
forces, Eq. (35) should be evaluated at every nodal point, i.e.
x0 ! xc, where c ¼ 1;2 . . .M and M is the total number of nodes
used, obtaining,
Cc11 C
c
12
Cc21 C
c
22
" #
uc1
uc2
 
þ
XNenre
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" #
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where
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In Eq. (36), left hand side contains displacements, while right hand
side contains forces applied on the system. From this equation it is
clear that introducing the drilling degree of freedom generates more
unknowns (rotations). At the moment this system is mathemati-
cally under determined, thus additional equations are necessary.
6.1. Relation between true and assumed rotation ﬁelds
As mentioned in Perrey-Debain et al. (2002), Simpson and Trev-
elyan (2011) and the above section, implementing an enrichment
formulation introduces additional unknowns to the classical
BEM. In Perrey-Debain et al. (2002), Simpson and Trevelyan
(2011), a technique based on additional collocations points was
implemented. In the present work, a more physically based ap-
proach will be used to obtain the additional equations necessaryto have a well posed problem. Following a similar approach contin-
uously used in FEM, Eq. (32) will be used to deﬁne the following
functional:
Pðui; wÞ ¼ c2
Z
C
ðwelem  wÞ2dC ð37Þ
An expression like (37) was recently used within the functional of
the total potential energy by Huang et al. (2010) in order to en-
forced the drilling degrees of freedom in Allman’s triangle to be
the true rotation as deﬁned from elasticity. A very similar expres-
sion to (37) was also used by Choi et al. (2006) for the hybrid Trefftz
method (a type of boundary element method). The penalty param-
eter c in Eq. (37) was determined through some numerical tests in
Huang et al. (2010), Choi et al. (2006). In the present case such
parameter (c) can take any value without affecting the solution,
as this parameter becomes only important when (37) is used within
the functional of the total potential energy in order to balance its
contribution to the classical two-dimensional problem.
As shown in previous sections, Eq. (37) ties the average drilling
rotation ﬁeld w to the true rotation welem induced from ui (see also
Huang et al., 2010). Recalling Eq. (27) in the local and global coor-
dinate systems,
welem ¼
1
2
@ut
@x^1
 @un
@x^2
 
¼ 1
2
@u2
@x1
 @u1
@x2
 
ð38Þ
Eq. (38) could be evaluated following different procedures. The
most accurate would involve obtaining the spatial derivatives of
the displacement boundary integral Eq. (4), unfortunately such pro-
cedure requires the evaluation of Hypersingular integrals (Aliabadi
et al., 2002). Another approach (and which was ﬁnally adopted in
the present work due to its simplicity), could be based on the shape
functions Nb deﬁned in Eqs. (6)–(9). This last approach although
represents an incomplete approximation (as shape function are
only deﬁned in terms of the tangential direction, n), provides an efﬁ-
cient way to address practical problems.
A discrete form of Eq. (38), or Eq. (27) in the local coordinate
system, is given as follows,
whelem ¼
1
2
@N1ðnÞ
@x^2
u11n1  u12n2
 þ @N2ðnÞ
@x^2
u21n1  u22n2
 	
þ @N1ðnÞ
@x^1
u110n2 þ u120n1
 
þ @N2ðnÞ
@x^1
u210n2 þ u220n1
 

ð39Þ
which can be reduced to,
whelem ¼
1
2JðnÞ
dN1ðnÞ
dn
u11n1  u12n2
 þ dN2ðnÞ
dn
u21n1  u22n2
 	 

¼ ½B14½d041
ð40Þ
Similarly, the discretised drilling rotation ﬁeld wh can be ex-
pressed as,
wh ¼ 1
2
N1ðnÞw1 þ N2ðnÞw2
  ¼ ½N12½dw21 ð41Þ
Taking the ﬁrst variation of Eq. (37) with respect to the drilling
rotation ﬁeld w and minimizing gives:
dPðu; wÞ
dw
¼
Z
C
d whTðwhelem  whÞdC ¼ 0 ð42Þ
Combining Eqs. (40)–(42) gives the following matrix
expression,
½ddmwT21
Z þ1
1
½Kw0w26JmðnÞdn½dm0w61 ¼ 0 ð43Þ
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2
4
3
5
26and
½dm0wT61 ¼ u11 u12 w1 u21 u22 w2
 
16
Eq. (43) can be seen as the ﬁnal matrix representation of a weak
form of the rotational residual given in Eq. (37). In other words, Eq.
(43) permits the element to satisfy local equilibrium of out of plane
rotations in a weak sense. Eq. (43) is only used on enriched ele-
ments Nenre and provides two additional equations (one for each no-
dal rotational dof).
6.2. Final implementation
Expression (43) can be added into Eq. (36) to obtain the follow-
ing ﬁnal system,
Cc11 C
c
12 0
Cc21 C
c
22 0
0 0 0
2
64
3
75
uc1
uc2
wc
2
64
3
75þ
Pm
c1
11 P
mc1
12 P
mc1
13
Pm
c1
21 P
mc1
22 P
mc1
23
Ka1 Ka2 Ka3
2
664
3
775
um
c1
1
um
c1
2
wm
c1
2
64
3
75
þ
Pm
c2
11 P
mc2
12 P
mc2
13
Pm
c2
21 P
mc2
22 P
mc2
23
Ka4 Ka5 Ka6
2
664
3
775
um
c2
1
um
c2
2
wm
c2
2
64
3
75þXN
enr
e
m¼2
X2
b¼1
Pmb11 P
mb
12 qP
mb
13
Pmb21 P
mb
22 qP
mb
23
0 0 0
2
664
3
775

umb1
umb2
wmb
2
664
3
775þX
Nstde
m¼1
X2
b¼1
Pmb11 P
mb
12 0
Pmb21 P
mb
22 0
0 0 0
2
664
3
775
umb1
umb2
wmb
2
664
3
775
¼
XNe
m¼1
X2
b¼1
Qmb11 Q
mb
12 0
Qmb21 Q
mb
22 0
0 0 0
2
664
3
775
tmb1
tmb2
0
2
664
3
775 ð44Þ
where the upper script ‘c’ represents collocation (element or node)
and q is a parameter that helps to obtain a purely local enriched for-
mulation (when q ¼ 0) or a more globally enriched one (when
q ¼ 1). The effect of this parameter will be shown in the examples
section.
It is possible to see from Eq. (44), that expression (43) only af-
fects the collocation element (it is added to both nodes of element
mc). The components of Kal (l ¼ 1;2;3;4;5;6 and a ¼ 1 for colloca-
tion at node 1 and a ¼ 2 for collocation at node 2 of element mc)
are given by the components of ½Kw0w26 in Eq. (43). Diagonal
terms Ccij can be evaluated directly from the consideration of rigid
body motion as in standard BEM (Aliabadi et al., 2002).
Eq. (44) could be rewritten, keeping in mind that displacements
are uniquely deﬁned at nodes while tractions could be
discontinuous,
XM
n¼1
Hcnij u
n
wj
¼
XNe
m¼1
X2
b¼1
Gcmbij t
mb
j ð45Þ
where M is the total number of nodes. This discretised boundary
element equation may now be written in matrix form as follows
(assuming a totally enriched domain, 3 dof per node),
½H3M3M½u3M1 ¼ ½G3M2Neb½t2Neb1 ð46Þ
Vectors ½u and ½t contain ﬁeld unknowns and prescribed
boundary conditions. After substitution of the prescribed boundary
conditions, the resulting system of algebraic equations is given as,½A3M3M ½X3M1 ¼ ½F3M1 ð47Þ
The vector ½X contains all the unknowns, which includes not
only the standard boundary displacements and tractions but also
drilling rotations at enriched elements. ½A is a coefﬁcient matrix
which is non-symmetric and fairly dense (not fully populated rows
and columns correspond only to the newly introduced drilling dof).
6.3. Instabilities and zero energy modes
As mentioned by Allman, his element could exhibit a zero en-
ergy mode. Such mode is evident when the following combination
of connectors is considered (Allman et al., 1984):
uba ¼ 0; wb ¼ constant ð48Þ
Introducing the values provided in (48) in Eq. (21), will vanish
the displacement ﬁeld (ua ¼ 0). In FEM this combination will result
in a singular system matrix even if the rigid body movements are
constrained. As Allman also mentioned, this mode is very easily
suppressed by prescribing an arbitrary value for any one of the
drilling rotation (wb) in the entire model (boundary conditions).
In fact it often happens, that the zero displacement mode is sup-
pressed by application of the displacement boundary conditions.
This weakness of Allman’s triangle was also overcome recently
by Huang et al. (2010), as their formulation does not only ensure
that the drilling parameter converges to the real nodal rotation,
but also removes the spurious energy mode.
In the present non-symmetric weak form (typical of BEM) the
study of instabilities and zero energy modes is more complicated
as the ﬁnal system matrix of common engineering problems (after
application of mixed boundary conditions: Dirichlet and Neu-
mann) contains entries that correspond to displacements and trac-
tions, see Eq. (47). A standard way in FEM to look for instabilities
(zero energy modes) includes the search of zero eigenvalues
(Hughes et al., 2000). Another technique commonly used to assess
numerical stability includes the matrix condition number (see for
example Tian et al., 2006). The condition number is also useful to
bound how much the solution to Eq. (47) can change under the ac-
tion of a small perturbation.
In order to assess the stability of the present enriched BEM, the
condition number will be investigated for a variety of cases. As it
will be shown in the examples section, matrix conditioning of
the present enriched formulations improve with mesh reﬁnement
relative to the standard BEM.7. Treatment of integrals (singularities)
Depending on the integrands, integrals in the present imple-
mentation can be classiﬁed as: Regular and Singular. Regular inte-
grals can be evaluated using the standard gauss quadrature rule
(10 points gauss rule unless otherwise indicated). Singular inte-
grals (when the collocation point belongs to the element over
which the integration is performed), need a special treatment
which depends on the order of singularity.
Near singular integrals (when the collocation node is close to
the integration element) are treated with an element subdivision
technique. Weakly singular integrals ln(r) (present in the displace-
ment fundamental solution) are treated using a nonlinear
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singular integrals Oð1=rÞ (present in the traction fundamental
solution) are computed indirectly by considering generalised rigid
body motion. All these techniques are well explained in Aliabadi
et al. (2002).
Additional to the classical integrands present in a two dimen-
sional BEM formulation, the present enriched BEM formulation in-
volves the terms Pmb13 P
mb
23 shown in Eq. (44). Although in classical
BEM, the integrands containing Tijðx0;xÞ will be singular when self
integration is carried out, in the new integrands (Pmba3 ) the shape
functions for wwill cancel out the singularity. This could be clearly
explained after considering the following Cauchy principal value
integral expressed in the local coordinate system (Aliabadi et al.,
2002):
C
Kðx0;xÞdof ðxÞdC ¼ dof i
þ1
1
hðnÞ
n n0 dn ð49Þ
where dof i denotes the value of the function at node i and hðnÞ is a
regular function given by the product of the fundamental solution,
the shape function and the Jacobian of the coordinate transforma-
tion multiplied by the term n n0. Kðx0;xÞ is a kernel with Oð1=rÞ
singularity.
The integral on the right hand side of Eq. (49) can be trans-
formed with the aid of the ﬁrst term of a Taylor’s expansion of
the function h around the collocation node as follows:
þ1
1
hðnÞ
n n0 dn ¼
þ1
1
hðnÞ  hðn0Þ
n n0 dnþ hðn
0Þ
þ1
1
dn
n n0 ð50Þ
Now the ﬁrst integral on the right hand side of Eq. (50) is regu-
lar, and the second can be integrated analytically:
þ1
1
dn
n n0 ¼ ln
1 n0
1þ n0

 ð51ÞFig. 5. Thick cantilever under shear end load.
Fig. 6. Thick cantilever mLooking in detail at the expression for hðn0Þ (contained in the
new integrands Pmbi3 ),
hðn0Þ ¼ Tijðn0ÞknjNbðn0Þn^bðn0ÞJðn0Þ ¼ 0 ð52Þ
It is possible to see that the shape function for the rotational de-
gree of freedom (product of Nbðn0Þn^bðn0Þ) vanishes at the source
point (n0), cancelling out the singular terms in Eq. (50). It is worth
mentioning that both, the shape function and the fundamental
solution approach zero in exactly the same way (n n0), leading
to a perfectly regular integration.8. Numerical tests
The enriched BEM formulation proposed above was veriﬁed
using the common benchmark examples in FEM for assessment
of new elements (particularly those with drilling rotation capabil-
ities). The three examples tested are: think cantilever with shear
end load, cantilever with moment end load and cook’s membrane
with shear end load. The results of the ﬁrst two examples will be
compared against analytical solutions while Cook’s membrane will
be only compared against the solutions in Wisniewski and Turska
(2006). The performance of the new formulation will be evaluated
in terms of accuracy and convergence rate.
8.1. Thick cantilever with shear end load
This is a standard test for numerical structural analysis. This
structure is simple and analytical solution can be obtained to com-
pare the results (Wisniewski and Turska, 2006). The short cantile-
ver tested is shown in Fig. 5, the cantilever with length (L)¼ 48,
height (D) = 12 and depth (h) = 1 is clamped at one end and a up-
ward shear load is applied on the other end. Material properties
of the cantilever are: Young’s Modulus of 30,000, Poisson’s ratio
of 0.25.
In this example, the cantilever is modelled with seven different
meshes: 20;40;60;80;100;120;140 elements; and all elements in
each mesh have the same size. In the present BEM formulation,
there are 4 element types, which are stated in Eqs. (6)–(9). In order
to study the effect of element types, each mesh will have three
conﬁgurations. Figs. 6 shows four possible cases for a mesh of 20
elements, the speciﬁc case of Fig. 6(a) is typically not considered
in BEM as tractions at corners are not deﬁned, therefore such case
will not be considered here (totally continuous mesh). It is impor-
tant to keep in mind that in BEM, the size of the ﬁnal systemmatrixesh conﬁgurations.
Table 1
Mesh/model conﬁgurations considered.
2D_cont_disc_semi Two dimensional with continuous, discontinuous (at loading edge only) and semi-discontinuous element
2D_cont_semi Two dimensional with continuous and semi-discontinuous element
2D_disc Two dimensional with all elements discontinuous
3DA_cont_disc_semi Three dimensional (q ¼ 1) with continuous, discontinuous (at loading edge only) and semi-discontinuous element
3DA_cont_semi Three dimensional (q ¼ 1) with continuous and semi-discontinuous element
3DA_disc Three dimensional (q ¼ 1) with all elements discontinuous
3DL_cont_disc_semi Three dimensional (q ¼ 0) with continuous, discontinuous (at loading edge only) and semi-discontinuous element
3DL_cont_semi Three dimensional (q ¼ 0) with continuous and semi-discontinuous element
3DL_disc Three dimensional (q ¼ 0) with all elements discontinuous
Fig. 7. Results in vertical displacement for thick cantilever under shear load, with
drilling dof along all boundary.
Fig. 8. Results in vertical displacement for thick cantilever under shear load, with
drilling dof along loading edge only.
Fig. 9. Results in drilling rotation for thick cantilever under shear load, with drilling
dof along all boundary.
Fig. 10. Results in drilling rotation for thick cantilever under shear load, with
drilling dof along loading edge only.
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ing more semi-discontinuous and discontinuous elements adds
collocation nodes, i.e. the number of collocation nodes of Fig. 6(a)
is 20, while that of Fig. 6(d) is 40.
Results are aimed to study the effect of Local vs. Global Enrich-
ment (LE vs. GE) and the parameter q in Eq. (44), additionally each
mesh conﬁguration will be tested in three different element modes
(see Figs. 6(b and c)). For comparison, results from classical BEM
(none of the elements is enriched), will be compared against en-
riched cases (only possible for standard displacements ui). In order
to help understand the different scenarios considered, Table 1presents a summary. The same notation in the table will be used
throughout the examples section. In Table 1, 3D conﬁgurations (3
dof) can be used to enrich a local region or the entire domain, Local
Enrichment is identiﬁed by ‘LE’ (only nodes on the loading edge
have 3 dof) and Global Enrichment is identiﬁed by ‘GE’ (each node
in the mesh has 3 dof).
Figs. 7–10 show the percentage error on tip deﬂections and dril-
ling rotation at the centre point of the loading edge for different
number of collocation points. Tables 2–4 show the speciﬁc numer-
ical results shown in Figs. 7–10, including the percentage error.
From Figs. 7 and 8, it is clear that almost all results for vertical
Table 2
Short cantilever with shear end load. Numerical results in displacement using Classical BEM.
Collocation nodes Vertical disp (% error) Rotation (% error)
Solution in Wisniewski and Turska (2006) 0.35583 0.010530
2D_cont_semi 24 0.275075 (22.695%) Nil
44 0.329195 (7.485%) Nil
64 0.343302 (3.521%) Nil
84 0.348701 (2.003%) Nil
104 0.351285 (1.277%) Nil
124 0.352712 (0.876%) Nil
144 0.353574 (0.634%) Nil
2D_cont_disc_semi 25 0.274738 (22.789%) Nil
47 0.328765 (7.606%) Nil
69 0.342997 (3.607%) Nil
91 0.348479 (2.066%) Nil
113 0.351118 (1.324%) Nil
135 0.352578 (0.914%) Nil
157 0.353463 (0.665%) Nil
2D_disc 40 0.333317 (6.327%) Nil
80 0.349390 (1.810%) Nil
120 0.352801 (0.851%) Nil
160 0.354069 (0.495%) Nil
200 0.354683 (0.322%) Nil
240 0.355030 (0.225%) Nil
280 0.355241 (0.166%) Nil
Table 3
Thick cantilever with shear end load. Numerical results in displacement and rotation using New formulation (All elements are enriched).
Collocation nodes Vertical disp (% error) Rotation (% error)
Solution in Wisniewski and Turska (2006) 0.35583 0.010530
3DA_cont_semi_GE 24 0.428132 (20.319%) 0.013035 (23.787%)
44 0.373784 (5.046%) 0.011080 (5.223%)
64 0.363573 (2.176%) 0.010773 (2.312%)
84 0.359997 (1.171%) 0.010659 (1.229%)
104 0.358369 (0.713%) 0.010610 (0.755%)
124 0.357508 (0.472%) 0.010583 (0.503%)
144 0.357002 (0.329%) 0.010567 (0.355%)
3DA_cont_disc_semi_GE 25 0.426571 (19.881%) 0.013019 (23.639%)
47 0.373604 (4.995%) 0.011134 (5.737%)
69 0.363648 (2.197%) 0.010796 (2.527%)
91 0.360117 (1.205%) 0.010678 (1.402%)
113 0.358489 (0.747%) 0.010623 (0.884%)
135 0.357616 (0.502%) 0.010594 (0.605%)
157 0.357097 (0.356%) 0.010576 (0.439%)
3DA_disc_GE 40 0.333317 (6.327%) 0.009984 (5.188%)
80 0.349390 (1.810%) 0.010383 (1.394%)
120 0.352801 (0.851%) 0.010464 (0.631%)
160 0.354069 (0.495%) 0.010493 (0.351%)
200 0.354683 (0.322%) 0.010507 (0.217%)
240 0.355030 (0.225%) 0.010515 (0.142%)
280 0.355241 (0.166%) 0.010520 (0.098%)
3DL_cont_semi_GE 24 0.280452 (21.184%) 0.008350 (20.700%)
44 0.330502 (7.118%) 0.009768 (7.237%)
64 0.343827 (3.373%) 0.010179 (3.333%)
84 0.348975 (1.926%) 0.010331 (1.894%)
104 0.351455 (1.229%) 0.010404 (1.199%)
124 0.352828 (0.844%) 0.010444 (0.815%)
144 0.353659 (0.610%) 0.010469 (0.584%)
3DL_cont_disc_semi_GE 25 0.280092 (21.285%) 0.008360 (20.610%)
47 0.329951 (7.273%) 0.009798 (6.956%)
69 0.343414 (3.489%) 0.010182 (3.301%)
91 0.348676 (2.010%) 0.010332 (1.880%)
113 0.351230 (1.293%) 0.010404 (1.194%)
135 0.352650 (0.894%) 0.010444 (0.815%)
157 0.353513 (0.651%) 0.010468 (0.586%)
3DL_disc_GE 40 0.333317 (6.327%) 0.009984 (5.188%)
80 0.349390 (1.810%) 0.010383 (1.394%)
120 0.352801 (0.851%) 0.010464 (0.631%)
160 0.354069 (0.495%) 0.010493 (0.351%)
200 0.354683 (0.322%) 0.010507 (0.217%)
240 0.355030 (0.225%) 0.010515 (0.142%)
280 0.355241 (0.166%) 0.010520 (0.098%)
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Table 4
Thick cantilever with shear end load. Numerical results in displacement and rotation using New formulation (Only elements on the loading side are enriched).
Collocation nodes Vertical disp (% error) Rotation (% error)
Solution in Wisniewski and Turska (2006) 0.35583 0.010530
3DA_cont_semi_LE 24 0.275075 (22.695%) 0.008167 (22.440%)
44 0.328873 (7.576%) 0.009713 (7.759%)
64 0.342934 (3.624%) 0.010148 (3.628%)
84 0.348376 (2.095%) 0.010309 (2.101%)
104 0.351011 (1.354%) 0.010388 (1.351%)
124 0.352480 (0.941%) 0.010431 (0.936%)
144 0.353376 (0.690%) 0.010458 (0.682%)
3DA_cont_disc_semi_LE 25 0.274738 (22.789%) 0.008177 (22.345%)
47 0.328765 (7.606%) 0.009759 (7.321%)
69 0.342997 (3.607%) 0.010169 (3.427%)
91 0.348479 (2.066%) 0.010326 (1.940%)
113 0.351118 (1.324%) 0.010401 (1.228%)
135 0.352578 (0.914%) 0.010442 (0.838%)
157 0.353463 (0.665%) 0.010467 (0.602%)
3DA_disc_LE 40 0.333317 (6.327%) 0.009984 (5.188%)
80 0.349390 (1.810%) 0.010383 (1.394%)
120 0.352801 (0.851%) 0.010464 (0.631%)
160 0.354069 (0.495%) 0.010493 (0.351%)
200 0.354683 (0.322%) 0.010507 (0.217%)
240 0.355030 (0.225%) 0.010515 (0.142%)
280 0.355241 (0.166%) 0.010520 (0.098%)
3DL_cont_semi_LE 24 0.275075 (22.695%) 0.008167 (22.440%)
44 0.329304 (7.455%) 0.009730 (7.599%)
64 0.343401 (3.493%) 0.010166 (3.461%)
84 0.348772 (1.984%) 0.010324 (1.955%)
104 0.351338 (1.262%) 0.010400 (1.234%)
124 0.352752 (0.865%) 0.010442 (0.839%)
144 0.353606 (0.625%) 0.010467 (0.600%)
3DL_cont_disc_semi_LE 25 0.274738 (22.789%) 0.008177 (22.345%)
47 0.328765 (7.606%) 0.009759 (7.321%)
69 0.342997 (3.607%) 0.010169 (3.427%)
91 0.348479 (2.066%) 0.010326 (1.940%)
113 0.351118 (1.324%) 0.010401 (1.228%)
135 0.352578 (0.914%) 0.010442 (0.838%)
157 0.353463 (0.665%) 0.010467 (0.602%)
3DL_disc_LE 40 0.333317 (6.327%) 0.009984 (5.188%)
80 0.349390 (1.810%) 0.010383 (1.394%)
120 0.352801 (0.851%) 0.010464 (0.631%)
160 0.354069 (0.495%) 0.010493 (0.351%)
200 0.354683 (0.322%) 0.010507 (0.217%)
240 0.355030 (0.225%) 0.010515 (0.142%)
280 0.355241 (0.166%) 0.010520 (0.098%)
Fig. 11. Condition number for thick cantilever under shear load, with drilling dof
along all boundary.
Fig. 12. Condition number for thick cantilever under shear load, with drilling dof
along loading edge only.
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Fig. 13. Thin cantilever under end moment M.
Fig. 14. Results in vertical displacement for thin cantilever under moment, with
drilling dof along all boundary.
Fig. 15. Results in vertical displacement for thin cantilever under moment, with
drilling dof along loading edge only.
Fig. 16. Results in drilling rotation for thin cantilever under moment, with drilling
dof along all boundary.
Fig. 17. Results in drilling rotation for thin cantilever under moment, with drilling
dof along loading edge only.
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dimensional BEM results.
The only exception occur with cases: ‘3DA_cont_disc_semi_GE’
and ‘3DA_cont_semi_GE’. These two cases correspond to mesh con-
ﬁgurations like the ones shown in Figs. 6(b) and 6(c), respectively.
These case relate to the most globally interconnected scenarios in
which not only all elements are enriched (rotations are considered
in all nodes, GE) but also the in-plane solution is affected by the
drilling dof contribution from the entire mesh (q ¼ 1 in Eq. (44)).
The strong coupling between rotation and in-plane displacement
of adjacent elements play a key role on this as the equivalent casewith totally discontinuous elements does not exhibit a similar
behaviour (‘3DA_disc_GE’). Such coupling essentially tends to in-
crease the deformation of the structure leading to larger deﬂec-
tions and rotations than traditional BEM or all other enriched
cases. To some extent, this strong coupling act as a superimposed
deformation that leads to similar or even better convergence rates
than all other formulations. The rate of convergence in such
strongly coupled/interconnected cases is up to Oðh2:3Þ, much larger
than the one provided by the formulations with totally discontin-
uous elements Oðh1:8Þ. It is important to highlight that PUBEM
enrichment is an active area of research and further studies are
Fig. 18. Cook’s membrane under shear load P.
Fig. 19. Results in horizontal displacement for cook’s membrane, with drilling dof
along all boundary.
Fig. 20. Results in horizontal displacement for cook’s membrane, with drilling dof
along loading edge only.
Fig. 21. Results in vertical displacement for cook’s membrane, with drilling dof
along all boundary.
Fig. 22. Results in vertical displacement for cook’s membrane, with drilling dof
along loading edge only.
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possible enriched formulations.
Figs. 9 and 10 show the results in rotation. From these plots, the
same argument regarding enrichment modes mentioned above can
be applied: results for the same mesh conﬁguration almost overlap
regardless of enrichment mode. The only exception again relates to
the following cases: ‘3DA_cont_disc_semi_GE’ and ‘3DA_cont_se-mi_GE’. The property of global vs local enrichment (GE vs LE) be-
comes very important in term of efﬁciency, as an enriched
formulation could be applied only where the rotational ﬁeld is of
interest (e.g. junction lines in plate/shell assemblies as those
shown in Fig. 1). Another point to highlight in Figs. 9 and 10 relates
to the converge rates which now can reach up to Oðh2:33Þ for the
‘3DA_cont_semi_GE’ case, which is still larger than the one
Fig. 23. Results in drilling rotation for cook’s membrane, with drilling dof along all
boundary.
Fig. 24. Results in drilling rotation for cook’s membrane, with drilling dof along
loading edge only.
Table 5
Cook’s problem. Numerical results in displacement using Classical BEM.
Collocation
nodes
Horizontal
disp
Vertical
disp
2D_cont_semi 20 -9.37323 21.24827
36 -10.35052 23.22823
52 -10.55501 23.65953
68 -10.62429 23.80935
100 -10.67016 23.91048
132 -10.68434 23.94224
164 -10.69014 23.95535
2D_cont_disc_semi 23 -8.92061 21.17511
43 -10.09060 23.17727
63 -10.37644 23.62284
83 -10.48898 23.78109
123 -10.57942 23.89142
163 -10.61620 23.92800
203 -10.63564 23.94403
2D_disc 32 -9.83901 23.07425
64 -10.35488 23.73745
96 -10.48705 23.85942
128 -10.54603 23.90315
192 -10.60030 23.93561
256 -10.62567 23.94759
320 -10.64037 23.95350
OPT 64 64 (Felippa, 2003) 23.95
FEAP, 2D enha. in Wisniewski and
Turska (2006)
10.680 23.927
FEAP, shell 6 dofs/node in
Wisniewski and Turska (2006)
-10.678 23.922
(Rotation: 0.85404)
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Oðh2:0Þ.
In order to study the numerical stability of the proposed formu-
lation, condition number with respect to number of collocation
nodes are provided in Figs. 11 and 12 (a condition number near(a)
Fig. 25. Cook’s membrane deformation with 16 boundary elemen1:0 indicates a well-conditioned matrix). Results in these log–log
plots include the condition number for a standard BEM formula-
tion. Results in both ﬁgures clearly show how matrix condition
deteriorates as system matrix increase, and that the proposed en-
riched BEM formulations exhibit slightly worst conditioning than
standard two dimensional BEM. Both behaviours have been exten-
sively reported in the literature. On one hand, standard BEM for-
mulations lead to matrices with negative and close to zero
eigenvalues (contrary to the positive deﬁnite matrices obtained
in FEM). On the other hand, enriched formulations (FEM or BEM)
are well known to exhibit worst conditioning than standard
(non-enriched) formulations. The problem in enriched formula-
tions arises primarily due to linear dependencies of the enriched
shape functions. Babuska extensively discusses this in his recent
paper on the Stable Generalized Finite Element Method (SGFEM)
(Babuska and Banerjee, 2012), within the framework of FEM.(b)
ts, (a) continuous/semidiscontinuous and (b) Discontinuous.
Table 6
Cook’s problem. Numerical results in displacement and rotation using new formu-
lation, All elements are enriched (GE).
Collocation nodes Vertical disp Rotation
3DA_cont_semi_GE 20 25.61513 0.87158
36 24.29107 0.82582
52 24.05200 0.81118
68 23.98488 0.80666
100 23.95291 0.80454
132 23.94898 0.80421
164 23.94997 0.80418
3DA_cont_disc_semi_GE 23 25.60924 0.83727
43 24.27892 0.80077
63 24.04338 0.79453
83 23.97786 0.79424
123 23.94734 0.79616
163 23.94420 0.79783
203 23.94575 0.79906
3DA_disc_GE 32 23.07425 0.72701
64 23.73745 0.77217
96 23.85942 0.78427
128 23.90315 0.78988
192 23.93561 0.79518
256 23.94759 0.79771
320 23.95350 0.79919
3DL_cont_semi_GE 20 21.93133 0.70415
36 23.39579 0.77845
52 23.72519 0.79358
68 23.84305 0.79900
100 23.92417 0.80279
132 23.94979 0.80400
164 23.96022 0.80448
3DL_cont_disc_semi_GE 23 21.86161 0.67641
43 23.34059 0.75457
63 23.68560 0.77634
83 23.81279 0.78568
123 23.90401 0.79369
163 23.93482 0.79709
203 23.94837 0.79896
3DL_disc_GE 32 23.07425 0.72701
64 23.73744 0.77217
96 23.85942 0.78427
128 23.90315 0.78988
192 23.93561 0.79518
256 23.94758 0.79770
320 23.95350 0.79919
Table 7
Cook’s problem. Numerical results in displacement and rotation using new formu-
lation, Only elements on the loading side are enriched (LE).
Collocation nodes Vertical disp Rotation
3DA_cont_semi_LE 20 21.18459 0.66965
36 23.19169 0.76762
52 23.63440 0.78897
68 23.79069 0.79650
100 23.89869 0.80161
132 23.93394 0.80325
164 23.94909 0.80395
3DA_cont_disc_semi_LE 23 21.17511 0.64586
43 23.17727 0.74626
63 23.62284 0.77326
83 23.78109 0.78423
123 23.89142 0.79316
163 23.92800 0.79680
203 23.94403 0.79877
3DA_disc_LE 32 23.07425 0.72701
64 23.73745 0.77217
96 23.85942 0.78427
128 23.90315 0.78988
192 23.93561 0.79518
256 23.94759 0.79771
320 23.95350 0.79919
3DL_cont_semi_LE 20 21.23869 0.67158
36 23.23026 0.76936
52 23.66129 0.79024
68 23.81065 0.79746
100 23.91125 0.80223
132 23.94275 0.80369
164 23.95571 0.80428
3DL_cont_disc_semi_LE 23 21.17510 0.64586
43 23.17727 0.74626
63 23.62284 0.77326
83 23.78109 0.78423
123 23.89142 0.79316
163 23.92799 0.79680
203 23.94403 0.79877
3DL_disc_LE 32 23.07425 0.72701
64 23.73745 0.77217
96 23.85942 0.78427
128 23.90315 0.78988
192 23.93561 0.79518
256 23.94759 0.79771
320 23.95350 0.79919
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(Perrey-Debain et al., 2004; Simpson and Trevelyan, 2011) but
much less information is available on the topic (particularly be-
cause of the inherent difﬁculties in BEM formulations). Fortunately,
as shown in Figs. 11 and 12, the new formulations exhibit condi-
tion numbers that converge to standard BEM as the mesh increases
(percentage difference in condition number between new and
standard BEM formulations goes from around 500–300% to less
than 80% with increasing number of elements). A closer look at
Figs. 11 and 12 also show that ‘GE’ cases (Globally Enriched) exhi-
bit a worst performance than ‘LE’ for a low number of nodes, but
eventually both (GE and LE) tend to converge to similar values.8.2. Thin cantilever with moment end load
Fig. 13(a) shows the second example, which is a beam of aspect
ratio 12 under moment M, where M ¼ 33:33. The material proper-
ties of this example are the same as the previous one. This example
is tested in 6 meshes, which are 52;104;156;208;260 and 312, and
the number of elements on each side of the beam for the four ﬁrst
meshes are shown in Fig. 13(b). The same threemesh conﬁgurationsare used in this example (e.g. see Fig. 6(b–d)). Results are compared
with the analytical solution from classical beam theory.
Figs. 14–17 show the percentage error for tip deﬂections and
rotation at the centre point of the loading end for different number
of collocation points. Very similar trends as the previous example
are obtained. Again, cases: ‘3DA_cont_semi_GE’ and ‘3DA_cont_-
disc_semi_GE’ exhibit the largest difference with standard BEM
solutions.
In this example, contrary to the previous one, totally discontin-
uous elements (2Ddisc, 3DL_disc and 3DA_disc) now provide the
best performance (accuracy and convergence rate), while others
share similar levels. It is important to notice that lower errors
are obtained with these discontinuous conﬁgurations even when
lower number of collocation points are used. In terms of speciﬁc
convergence rates, this example exhibits convergence rates of
around Oðh1:7Þ for displacement and Oðh1:8Þ for rotations.8.3. Cook’s membrane
Cook’s membrane is very popular in FEM for assessment as it
shows the element’s ability to model membrane situations with
distorted meshes. This problem was ﬁrst proposed by Cook
394 H. Leung, P.M. Baiz / International Journal of Solids and Structures 50 (2013) 379–395(1974) as a test case for non-rectangular quadrilateral elements.
There is no known analytical solution but the most reﬁned case
of several references will be used for comparison. The material
properties, geometry and boundary conditions are shown in
Fig. 18.
This example is also tested in the three different mesh conﬁgu-
rations used in the previous examples (see again Figs. 6(b-d)) and
Table 1). Seven different meshes are used in this example, with
equal number of elements on each side (as in standard FEM tests):
16;32;48;64;96;128 and 160. Figs. 19 and 20 show the plots of
horizontal displacement, Figs. 21 and 22 show the plots of vertical
displacement and Figs. 23 and 24 show the plots for rotation at
point A for different mesh conﬁgurations.
Deformed shapes for the less reﬁned case (4 4) are shown in
Fig. 25, case (a) for Continuous and Semidiscontinuous elements
at corners and case (b) for a mesh with all elements Discontinuous.
Results from Figs. 19–24, show again a very similar behaviour to
the previous examples, highlighting the stability of the proposed
formulations under a variety of boundary conditions and geome-
tries. Tables 5–7 show the numerical results in displacements
and rotation.9. Conclusion
This work presented for the ﬁrst time how to obtain drilling
rotations from an enriched two dimensional BEM formulation.
The approach is based on a recently proposed formulation of the
well known Allman’s triangle following a partition of unity enrich-
ment (PUFEM) strategy. A functional based on a weighted rotation
residual is used as the additional equation in order to obtain a
mathematically well posed problem. Results show good accuracy
and convergence characteristics, particularly for totally discontinu-
ous elements. Comparison with classical two dimensional BEM
shows that the proposed formulation does not affect substantially
the traditional BEM implementation (except in the case of global
enrichment -GE- and q ¼ 1). This degree of freedom is necessary
for accurate simulations of complex multi-domain plate/shell
assemblies as that shown in Fig. 1 (formulation that includes 6 de-
grees of freedom per node: 3 displacements and 3 rotations).
Future extensions of this work are currently looking at higher
order elements (3 nodes boundary elements), orthotropic/aniso-
tropic behaviour, transition/blending elements, extensions to mul-
ti-domain plate bending formulations (plate assemblies) and at the
more mathematically rigorous approach based on boundary inte-
gral derivatives (hyper-singular) to ﬁnd Eq. (38). Some of the most
important advantages of the present approach are:
 Its boundary only character, maintaining the main feature of
classical linear BEM formulations.
 Totally kernel independent, enrichment functions do not
depend on fundamental solutions.
 Simplicity (e.g. hyper-singular integrals are not required).
 Global and local partition of unity enrichment. The local enrich-
ment mode could lead to great efﬁciency, by just adding drilling
rotations along the boundary that needs them (junction bound-
ary). Moreover, this type of local PUBEM (similarly to the recent
work by Simpson and Trevelyan (2011)) shows that a new form
of locally enriched BEM formulations is possible: XBEM (which
stands for eXtended BEM).Acknowledgement
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